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Letter

Specific Heats of Liquid Metals
Based on the Percus—Yevick Phonon Description

1. YOKOYAMA,T |. OHKOSHI,+ and W. H. YOUNGI]

tDepartment of Mathematics and Physics,
National Defense Academy, Yokosuka 239, Japan

1School of Mathematics and Physics.
University of East Anglia, Norwich, NR4 7TJ, UK

(Received November 7, 1980)

The Percus-Yevick phonon theory is compatible, in general, with our somewhat limited
knowledge of the specific heat of liquid metals at constant volume. Exceptions, however, appear
to be the lighter alkalis.

In a previous paper by Ohkoshi, Yokoyama, Waseda and Young' (here-
after 1) we reported calculations of entropies of liquid metals using the
Percus—Yevick (PY) phonon theory in which the elementary excitations are
density fluctuations up to a maximum wave number ko, = 3'/%k,,. The total
entropy is expressed as

S‘:SO +S,1 +S’l, +Selcc9 (1)
where, with x = ho(k)/(ky T),

X -x
SO = kB ; {[m] - ln(l — € )}, (2)
o kB ; k‘kl 2 ,
S ‘W&(Tk’“) alk — K, ©
. _ ks o (k-K\*{dIna(k — k) ,
=i (5 ) s g o @

and, with N(E;) being the density of states (two per space orbital) at the
Fermi level,

Setec = %nzN(EF)NkIZi T. (5)
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The dashes on the summations indicate that all terms k = k’ are omitted.
The first term S, describes the independent phonon result?> and S; and
S, which include the structure factor a(k — k'), are due to the phonon-
phonon interaction. S,;.. arises from thermal excitation of the conduction
electrons; it is small for simple metals and is adequately approximated by its
Sommerfeld form.

In I, we neglected S| partly because {0 In a(k)/d In T}, was not known
experimentally for any liquid metal and partly because it was expected to
be numerically smaller than S} The latter expectation is based on a discussion
by Gray et al.* who estimated S’ to be ~0.1 Nk for Na. They pointed out
that this small value arose because {0 In a(k)/0 In T}, oscillates with ampli-
tude less than unity in the important region k, < k < 2k, and that this
behaviour is likely to be general.

In the present letter we estimate S} using a hard-sphere structure factor
ags(k) (the only route known to us at the present time) and confirm the
general proposition above. Once this is done, we may further differentiate
with respect to T and thereby test the ability of the PY method to predict
specific heats C; at constant volume. The effective hard sphere diameters
vary with T and V (although in the present application V is generally held
constant for any given system). In this way, a reasonably good average
description of the structure factors of most liquid metals is afforded over the
range (kq, 2ko) and this should be adequate for calculating S7. Wherever
necessary below we use the diameter variations of Harder et al.* for simple
metals and of Tamaki and Waseda® for transition metals.

For illustrative purposes {0 In ayg(k/ky)/0 In T}, for Rb is shown in
Figure 1 together with {A In a(k/k,)/A In T}, for Na, a curve obtained in
chord approximation from observed data at 100°C and 200°C (Gray et al.,
Figure 2). The similarity of the profiles should be noted. Of course,
{0 In ayg(k/ky)/d In T}y varies slightly from metal to metal depending upon
the variation of packing fraction # with T at constant volume, but qualita-
tively it is much the same for all metals.

§7 is conveniently given, for numerical calculations, by

T (on) f81 (1 dlksko) ‘d(k’/ko)[{(lc_)" (5)2}2
iNks =2 (aT)V{ﬁ o Who) Jo Wik LW\&s) T\ko) 1

k 2 k' 2
) (e aff o
where

k+kYko a
q J 1In ayg(g/ko) q q
§a=f (—){———a —Jd{—},a=1,3,5 7
ek ko \Ko alny b 2 i VY )
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FIGURE 1 {2 In ays(k/ko)/In T}, for liquid Rb at 313 K: (-—--), n = 0.40; (-.-.-), n = 0.42;
(---, n = 045, compared with {A In a(k/ky)A In T}, for liquid Na using the measurements of
Greenfield et al.®° at 373 K and 473 K. The profiles are similar in the most significant part for
anharmonicity (around the positive jump).

In Eq. (6), T/n(én/dT), is negative for all metals, and if the big brace of
Eq. (6) (a function of # only) is negative, S7/Nkp is positive. We evaluated the
big brace to be —0.038, —0.040, —0.043 for n = 0.40, 0.42 and 0.45, respec-
tively.

These packing fractions cover most applications and certainly those
below and it is sufficient for our purpose to regard the big brace value as
being —0.04 and independent of #. These results are incorporated into
Table 1 together with data from 1. Surprisingly, the values of S7/Nkjy are
around 0.03 for all metals studied, implying in particular that the proposition
of Gray et al. is correct. The factor (T/n)(én/0T), is responsible for this
constancy of S7/Nkg; in general, for simple metals (én/dT), is rather big,
but the melting temperature is low, while for transition metals the situation
is roughly reversed.
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TABLE 1

Entropies and specific heats (in units of Nkj) of liquid metals near the melting points

{0n/0TY, N N Cy Cy
T(K) S, S Sgec  {(1074K™H 87 (calc) {expt) (calc) (expt)
Na 378 692 046 0.05 —-3.13 0.03 7.46 7.84 3.08 3.48
K 343 828 046 0.07 —-3.32 0.03 8.84 9.14 310 344
Rb 313 923 048 008 —3.87 0.03 9.82 10.26 311 3.30
Cs 303 1029 046 009 —38.78 004 1088 11.13 3.13 3.21
Mg 953 838 045 0.12 -0.906 0.02 8.97 9.01 314 2.96
Al 943 8.05 047 0.11 —0.949 0.02 8.65 8.62 3.13 3.11
In 433 820 043 007 -1.79 0.02 8.72 9.13 3.09 3.16
Pb 613 1050 048 0.12 —1.34 0.02 11.12 1119 3.14 3.14
Ti 1973 10.17 045 0.87 -0.56 0.03 11.52 11.88 (3.90) 4.5-7
v 2173 1042 047 101 —0.49 0.03 1193 1207 (4.04) 5.0-?
Cr 2173 938 044 157 -0.50 0.03 1142 1157 (4.60) 4.7-7
Mn 1533 972 047 112 —-0.70 003 1134 1205 (4.19) 5.5-7
Fe 1833 9.51 046 1.39 -0.58 0.03 11.39 1207 (4.42) 55-?
Co 1823 9.85 045 147 —-0.58 0.03 11.80 1205 (4.50) 49-?
Ni 1773 9.58 045 143 —0.60 003 1149 11.72 (4.46) 5.2-7

Experimental data are from Hultgren et al.” S, S} and S, are from 1 except for the transi-
tion metals. For simple metals S, is evaluated in Sommerfeld approximation, while for transi-
tion metals it is estimated by using the theoretically obtained N(E) of Asano and Yonezawa®
(see also Figure 4 in I). (dn/@T), for simpe metals are from Table I of Harder et al..* and for
transition metals from Table IT of Tamaki and Waseda.®

The total entropy may now be recorded with more certainty than hitherto
and the agreement with experiment is seen to be good (Table I).
We are now able to discuss Cy. Differentiation of Egs. (1)-(5) gives

oS, Ay AN 08
C, = T[=2 T(— T|— T(—=<) .

Y (5T)V ¥ <‘3T)V ’ <5T)V * ( or )V ®
The term T(0S7/6T), should be much smaller than the preceding two in
view of the smallness of §7. Thus C,, is moderately well described by

kg k-k'\?{01Inak — k)

— Y k — k'
4N,§(kk’){ smr §, &K

T (ON(Ep)
Setecd 1 —1 7 O
+ elec{ + N(EF)< oT )V} ( )

(cf. Figure 1 in I and the discussion thereon). Hence

Cy = Co, +

e T [oN(E,)
Cy/NKg ~ 3 + §7/Nkg + (Selec/NkB){l + N(E,) (T)}V (10)

The derivative in this equation should be negligible for simple metals®
and we make the same assumption for transition metals. Specific heats are
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then easily found from the entropy data already calculated and these are
shown in Table I. Those for the transition metals are recorded in parentheses
because of their sensitivity to the above assumption.

On comparing the calculated and observed specific heats, we see that the
magnitudes (relative to 3) for simple polyvalent metals are adequately
described (if not the detailed variation from case to case). The results for the
alkalis, however, are not satisfactory. Also, unfortunately, reliable experi-
mental data are not available for the transition metals. The trouble appears
to be in the uncertainty of the thermodynamic parameters used to reduce
the observed Cp’s to obtain C,’s. We have, therefore, recorded the measured
Cp’s in the manner indicated; clearly theory and experiment could well be
completely compatible.

In summary, we can now say that the PY phonon theory can account
very well for the entropies of liquid metals and is not incompatible with our
somewhat limited knowledge of the specific heats, except possibly in the
cases of the lighter alkalis.
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